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Hertzian flaw analysis and models for the
prediction of flexural fracture strength of Al2O3
and Al2O3/SiCp nanocomposites

C. C. ANYA
University of Oxford, Department of Materials, Parks Road, Oxford OX1 3PH, UK

A study is presented comparing the statistics of observed crack-originating flaws on fracture
surfaces of samples of Al2O3 and its composites (having 5 and 15 vol % SiC particle, SiCp)
with those determined by the Hertzian indentation analysis. Cracks originating from Vickers
microindents are also examined using transmission electron microscopy (TEM). Critical
flaws determined by the Hertzian analysis predict experimental fracture strengths
reasonably well when Orowan’s model of obtaining the latter is used. This model is
supported by microstructural features, which strongly suggest blunt crack-tips. The critical
flaw sizes of alumina and the 5 vol % SiCp composite are found to be practically the same.
Hence the explanation of the higher strength of the composites (relative to alumina) based
on flaw size is improbable. The composite with 15 vol % SiCp is tougher and has a lower
fracture strength in comparison with those of the 5 vol % SiCp composite. Therefore an
increase in toughness does not satisfactorily explain the strengthening trend. The change
in the mode of fracture and the interspacing distances (implicitly the heights) of the
fracture steps are suggested as the main factors that control strengthening in these
materials.  1998 Chapman & Hall
1. Introduction
Previous studies [1—4] have shown that minor addi-
tions of SiC particles (SiC

1
) in Al

2
O

3
, both nanometre-

sized, lead to composites with flexutral strengths
higher than that of monolithic alumina. The highest
strength is conferred [1, 4] by 5 vol% SiC addition,
Table I.

Some authors [1, 3] attribute the differences in
strength to the sizes of critical flaws present in or on the
surfaces of the materials, following Griffith’s equations
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Where r
&
is the fracture stress and K

I#
is the fracture

toughness of the material. ½ is a constant, which for
a plane stress condition is equal to (p)1@2 [7, 8] and
C is the critical flaw size.

The average critical flaw sizes predicted by Equa-
tion 1 were found [4] to be between 20 and 31 lm.
This is about 5—12 times greater than the average
grain sizes [5] of the samples. Considering that the
samples sintered to *99.6% of their theoretical den-
sity (TD), and with no agglomerations observed [5], it
is doubtful how such well processed samples could
have flaws of sizes far greater than their average grain
size. Therefore it is necessary to study the nature of
crack-originating flaws on fracture surfaces, and com-
pare their sizes with those predicted by Griffth’s equa-
tion and its offshoot, Orowan’s model.

Hertzian indentation analysis, based on the concept
of ‘‘searched area’’ [9], has been used [10] to compute
0022—2461 ( 1998 Chapman & Hall
the sizes of surface flaws. Because these flaws come to
the surface by progressively grinding and polishing the
samples towards their cores, the final flaws on the
surface (prior to any test) will represent those from
both stages of processing (intrinsic flaws), and the last
surface preparation. It is worthwhile investigating
how such flaws compare with those observed on frac-
ture surfaces.

In this study, therefore, the critical flaws determined
by the Hertzian indentation analysis are compared
with those actually found on the fracture surfaces. The
actual flaws and those determined analytically are
also used to investigate which of the two models,
Griffith’s and Orowan’s, very closely predicts the
flexural strength of the materials. Finally, the concept
of ‘‘fracture steps’’ is presented as the main factor
responsible for the variation of strength in these
materials.

2. Materials and experimental methods
The samples, alumina and the 5 and 15 vol% SiC
‘‘nanocomposites’’ of the present study, were pressure-
less sintered [5] to *99.6% TD. Four-point bend
tests were carried out (with the tensile faces of the
samples finish-polished to 1/4 lm diamond) following
the procedure outlined in [4]. Table I is a summary of
the characteristics of the materials. Fracture surfaces
were examined using a Philips 501 scanning electron
microscope (SEM). Hertzian indentations (of at least
25 in number, using 5 mm diameter alumina balls)
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TABLE I Characteristics of materials used in the present study

SiC (vol%) Grain size [7] Density r
&
[4] K

I#
(MPam~1@2)

(lm) (% theoretical) [7] (MPa) [6]

0! 3.5$1.3 99.9 431$53 3.5$0.3
5 4.0$1.1 99.8 646$41 5.1$0.8

15 2.6$0.3 99.6 549$30 5.4$0.6

! This sample is composed entirely of Al
2
O

3
.

Figure 1 As-polished samples and typical ring cracks in: (a) Al
2
O

3
, etched and repolished (to 1 lm diamond) to reveal ring, (b) unetched

1/4 lm diamond polished Al
2
O

3
, (c) unetched 1/4 lm diamond polished 5 vol % SiC ‘‘nanocomposite’’, and (d) unetched 1/4 lm diamond

polished 15 vol% SiC ‘‘nanocomposite’’.
were made on 1/4 lm diamond finish-polished sam-
ples. The same surface finish, therefore, makes it pos-
sible to relate the findings from the Hertzian method
to those from four-point bent samples. A modified ET
500 testing machine (Engineering Systems, Notting-
ham) was used for the Hertzian indentation. Full de-
tails of the experimental procedure for the Hertzian
indentation analysis can be found in [6].

The flaw sizes and densities from the Hertzian anal-
ysis were determined using computer simulations de-
veloped by Warren et al. [10] based on the principle of
‘‘searched area’’ [9].
978
To rationalize which of the two concepts, blunt
and atomically sharp crack-tips, is more appropriate
to adopt, cracks were introduced in the samples
by Vickers microindentation. These were made with
a 2 N load, on 200 lm thick, 3-mm diameter discs
of the materials. The discs were polished from the
reverse of the indented side down to about 50 lm.
From the same reverse side the discs were dimpled
to a thickness of about 20 lm, before being ion-
milled (with Duomill Gatan) to produce a hole.
Thinned samples were studied under the TEM
(Philips CM20).



Figure 2 Histograms of flaws from the Hertzian indentation analy-
sis for (a) frequency and (b) density versus flaw size: ( ) 15 vol %
SiC, (j) alumina, ( ) 5 vol% SiC.

3. Results and discussions
3.1. Hertzian flaw analysis
Fig. 1 shows typical ring cracks for monolithic
alumina (a, b), 5 vol% SiC (c) and 15 vol % SiC (d)
composites. The rings in the materials are on unetched
1/4 lm diamond polished samples (see Fig. 1b for
alumina in this state), but to reveal the ring in alumina
the sample was etched and repolished to 1 lm dia-
mond finish. Thus, it seems alumina (Fig. 1a) has far
more flaws than the composites (Fig. 1c, d), but it does
not. The sizes of the rings and the loads that produced
them are used [6, 10] to compute the sizes, frequencies
and densities of the flaws present in each of the
materials (Fig. 2).

It can be seen that the frequencies of the largest
(critical) flaw sizes are less than 10% for both alumina
(5.16 lm) and for the 15 vol% SiC composite
(6.52 lm), while the modal flaw sizes are between
2 and 5 lm for all the materials (Fig. 2a). The densities
of the largest flaws are also relatively very low
(Fig. 2b). The very high density of flaws up to 2 lm in
size in the 15 vol% SiC composite is also worthy of
note. This is due to the thermal expansion coefficient
mismatch between alumina and SiC, which at a high
volume fraction of particles, the matrix being under
high tensile stress, leads [11] to submicrometre-sized
Figure 3 Typical submicrometre-sized cracks observed frequently
in the 15 vol% SiC ‘‘nanocomposite’’, but rarely in that with
5 vol% SiC: P, particle; M, matrix.

flaws, as was frequently observed in the 15 vol% SiC
composite in the present work. A typical example of
such submicrometre-sized flaws observed in unbroken
composites is shown in Fig. 3. They were rarely ob-
served in the 5 vol% SiC composite.

3.2. Flaws on fracture surfaces
The fracture surfaces of the materials are shown in
Fig. 4. A wide area view is shown in Fig. 4a. Some of the
flaws from which the cracks originate are indicated in
Fig. 4a. The sizes of the flaws suggest that most of them
are secondary. However, after a thorough examination
of the surfaces, those shown in Fig.4b are typical of
the largest sizes observed. These measure about
3.8$0.5 lm for alumina, and 3.5$0.5 and 5$0.4 lm
for the 5 and 15 vol% composites, respectively.

3.3. Comparison of flaw statistics from
both methods

The similarities and differences between the observed
flaw sizes and those computed from the Hertzian
analysis are noteworthy.

The small differences in the sizes of the largest flaws
across the materials using both methods should be
expected. Because the samples were surface finished to
such a high degree (1/4 lm diamond), their largest
flaws should result from the processing (sintering) of
the material. Considering that all the materials are
sintered to about the same degree of densification
(Table I) all of them should have about the same size
of largest flaws.

The material most disposed to flaws, and the most
frequent sizes of flaws, in general, are also the same for
both methods. It can be seen that among the materials
alumina has the least number (and hence density) of
observed flaws in the areas shown in Fig. 4a. The same
trend was obtained using the Hertzian indentation
method (Fig. 2).
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Figure 4 Flaws observed on fracture surfaces for (a) alumina, (b) 5 vol % SiC (c) 15% SiC (all wide area views), and (d) alumina, (e) 5 vol %
SiC, (f )15 vol% SiC (all showing typical sizes of largest flaws).
TABLE II Critical (largest) flaw sizes, C of materials obtained by various mehtods

SiC (vol%) Largest (critical) flaw size, C (lm)

Griffith’s Orowan’s Hertzian Examination of fracture
surface

0! 21$6 4.3$1 5.16 3.8$0.5
5 20$6 5.1$1.4 4.5 3.5$0.5

15 31$7 6.1$1.1 6.52 5.0$0.4

! This sample is composed entirely of Al
2
O

3
.

Both methods indicate that the size of the largest
flaw in the 5 vol% SiC composite is the smallest.

However, the largest sizes predicted by the Hertzian
method were not observed on the fracture surfaces.
This is probably because their frequencies and
densities are very low. Nonetheless, considering that
the strength of a material is within a scatter band,
a difference of )1.5 lm between the largest sizes
computed from the Hertzian analysis and those
980
observed on the fracture surfaces should fall within
this band.

3.4. Prediction of fracture strength
The sizes of the largest (critical) flaws found by using
Equation 1, i.e. the Griffith’s model, the Hertzian
analysis and by examining the fracture surfaces are
shown in Table II.



3.4.1. Griffith’s model
Flaws of the sizes predicted by this model, as large as
they are, should be easily observed under the SEM on
the fracture surfaces, but they were not. It could be
argued that such large sizes cannot be observed, be-
cause, being that large, their densities are very low (as
observed with the largest sizes indicated by the Hertz-
ian method), or that, consequent upon catastrophic
failure, the largest flaw(s) fell out with chips of the
material. However, the very high degree of densifica-
tion of the materials should make the distribution of
the range of flaw sizes in them uniform to a certain
extent. Thus, say for the 15 vol % SiC composite, the
model predicts &31 lm as the largest size flaw. If this
size is not observed for any of the reasons stated
above, other sizes close to this should be observed.
Incidentally this is not the case; instead there is this
huge gap of 26 lm between the observed and the
predicted largest flaw size. On the other hand, the
largest size found by the Hertzian method conforms to
this principle of uniform distribution of ranges of flaw
sizes. Hence, though the 6.52 lm size found by the
latter method is not observed on the fracture surface,
those present are very close to this value.

The critical flaw sizes predicted by using the Grif-
fith’s model were obtained using experimental fracture
strengths [4] and K

I#
values [6] in Equation 1. If,

however, the largest flaw sizes predicted by the Hertz-
ian method or observed on the fracture surfaces are
introduced into this equation, the resulting fracture
strengths of the materials are by far higher than the
experimental (four-point bend test) values. Therefore
the applicability of Orowan’s model was investigated.

3.4.2. Orowan’s model
Orowan [12] considered cracks in real materials to be
blunt (against Griffith’s assumption of sharp cracks).
On this consideration, Davidge [7] derived a fracture
stress, r

&
, for a material with surface energy for frac-

ture, c
0
, Young’s modulus, E, and a critical flaw size,

C, as

r
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"A
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8C B
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(2)

However, (2Ec
0
)1@2 gives the fracture toughness, K

1#
,

of a material. Hence Equation 2 can be rewritten as

r
&
"

K
I#

4(C)1@2
(3)

Introducing the experimental values of r
&

and K
I#

from Table I for alumina, 5 and 15 vol % SiC com-
posites in Equation 3, the value of the critical flaw size
for each of the materials is calculated. These values are
shown in Table II. It can be seen that the sizes pre-
dicted by Orowan’s model fit well with those observed
by the Hertzian method.

Hence a similarity of the distribution of flaws on the
fracture surfaces with that found by the Hertzian
method is established (Section 3.3). The critical flaw
sizes determined by the latter method fit well with
those predicted by Orowan’s model. Therefore the
strengths of these materials (and indeed any real
Figure 5 Zones of plastic deformation (dislocations) around
Vickers indents made with a 2 N load: (a) alumina and (b) 15 vol %
SiC ‘‘nanocomposite’’. Note the distance away from the indent that
the zones extend: about 10 lm for the composite, and slightly
shorter for alumina.

brittle material that generates Hertzian ring cracks)
can be predicted by this model, using parameters
obtained through relatively fast techniques of Vickers
indentation (for fracture toughness) and Hertzian in-
dentation (for critical flaw sizes). The model becomes
more compelling if there is enough evidence to prove
that the crack-tip is blunt, a problem that a theoretical
approach cannot solve exactly [13]. Therefore de-
monstrable fractographic features are presented below
to explain the nature of the crack-tip.

3.5. The nature of the crack-tip
3.5.1. Effect of plastic deformation zone
It is well established [13, 14], and was also observed
in this study (Fig. 5), that plastic deformation occurs
in zones immediately surrounding indents. The zones
extend to about 10 lm from the indent in the com-
posites (Fig. 5b), and to a slightly shorter distance in
monolithic alumina (Fig. 5a).

Flaws from which cracks can originate in a fracture
process of ceramic materials are many. In analogy to
the indents, the immediate zones around crack-
originating flaws will also be under plastic deforma-
tion. It is possible for a crack that would cause
fracture, while propagating, to find its tip in the plastic
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Figure 6 A crack-tip (arrowed) in alumina &1 lm away from a
flaw, F, in its front. In analogy to the case of the indent, this distance
is well within a plastic deformation zone.

Figure 7 Fracture surfaces of (a) alumina, (b) 5 vol% SiC, and (c)
15 vol% SiC ‘‘nanocomposites’’. Note that the failure is inter-
granular in alumina, but transgranular in the composites, and also
the fact that the interspacing distances of the fracture steps in
the 5 vol % SiC composite are farther than those of the 15 vol %
SiC composites.
982
deformation zone of adjacent flaws from which the
other cracks originated. An example of this is shown
in Fig. 6 for alumina. The crack-tip (arrowed) is found
&1 lm away from the flaw, F, in its front, a distance
well within the plastic deformation zone immediately
around the flaw.

The case just described should not be confused with
the activation of pre-existing dislocations, which have
been suggested [13] may not blunt the crack-tip. The
dislocation atmospheres in Fig. 5a, b are new, and
result from the fracture process. They are not those of
a pre-existing source. Alumina had virtually no dis-
location network prior to the test, while that preexist-
ing in the composites (presented in the next section)
was quite different from that shown in Fig. 5b. There-
fore the walls of crack-tips found in these zones will
not recontact, thereby leading to bluntness of the
former.

3.5.2. Effect of fractographic surface details
The presence of fracture steps (usually associated with
fringes in TEM) prevent crack walls at the tip from
recontacting, thus causing bluntness [13]. Fig. 7
shows SEM micrographs of typical fracture surfaces of
alumina (a), 5 vol% SiC (b) and 15 vol% SiC com-
posites (c) [4] used in this study. It can be seen that the
composites are full of steps. Fig. 8a is a TEM micro-
graph of the fringes around the crack-tips (arrowed) in
the 15 vol% SiC composite. Hence the crack-tips in
the composites can be described as being blunt.

Fringes, and the generation of dislocations charac-
terize the healing of crack interfaces if the crack-tip is
sharp [13]. However, in the present study, disloca-
tions are absent around the fringes at the crack-tips of
alumina (Fig. 8b). This may suggest that the healing is
incomplete, and therefore justifies considering the
crack-tip to be blunt. It should be noted that the
dislocations in the composite (Fig. 8a) are not as a re-
sult of crack-healing, but rather are pre-existing from
the sintering stage, as demonstrated in Fig. 8c.

3.6. Limitations of Hertzian flaw analysis
The computer simulation is such that the detectable
maximum flaw size is about 16 lm [10]. Because
porosity is synonymous to flaws, it is therefore abso-
lutely necessary that the materials to be tested are
processed to *99% TD. It is also required that the
surfaces of the samples to be tested are prepared to
a degree that the sizes of the flaws introduced by the
surface preparation are smaller than those of the in-
trinsic ones. This is because the method detects the
largest flaw that gives rise to the ring crack. For
example, the critical flaw sizes found in the 5 vol %
SiC composite are 4.5 lm for 1/4 lm diamond finish
(present study), and 6 and 8 lm, respectively, for sur-
face finishes with 3 and 14 lm diamond [6]. The
flexural strengths of the 3 and 14 lm diamond finished
samples are understandably lower (530 and 458 MPa,
respectively) than that of the 1/4 lm diamond finished
sample. Ideally, therefore, to ensure that the largest
flaws being detected are intrinsic to the material, the



Figure 8 Fringes around (a) the crack-tips (arrowed) of the
15 vol% SiC ‘‘nanocomposite’’, most probably resulting from frac-
ture steps (Fig. 7c), and (b) the crack-tip of alumina (in the absence
of dislocations the healing of the crack-tip may be incomplete).
(c) Dislocation network obtained in the 15 vol% SiC ‘‘nano-
composite’’ at the sintering stage (this, and not a crack healing
process, is the source of the dislocations in Fig. 8a).

was suggested [1] to be responsible for the higher
strength of the latter. On the basis of Equation 1 or 3,
the increase in strength of the composite was also
partly attributed [1] to an increase in toughness, K

I#
.

However, the observed flaws on the fracture surfa-
ces of both alumina and the composites in the present
work are approximately of the same size (Fig. 4), with
surfaces should be finish-polished down to )1 lm
diamond.

The statistics of the flaws are very much dependent
on the fracture loads, which in turn are affected by
the elastic constants of the both the indenter and the
substrate materials. As much as possible, the latter
should be similar. This is because the effect of a very
high mismatch in elastic constants (for example, steel
or tungsten carbide on glass) on fracture loads is not
negligible [15]. Generally, more compliant indenter
materials (relative to those of the substrate) lead to
lower fracture loads, and vice versa, than would be if
both materials are elastically similar [16].

The ‘‘searched area’’ in the computer simulations of
the analysis is appreciably an overestimate of real flaw
distributions, because it is considered that all the flaws
are normal to the radial direction of the indenter [10].
However, there is no particular mode of flaw distribu-
tion in the real materials. Therefore, although the
results in the present study are compelling, further
confirmation of the validity of flaws determined (on
well processed ceramic bodies) by the Hertzian inden-
tation method representing (their) intrinsic flaws is
still needed.

3.7. Prediction of the comparative strength
of the materials

A calculated decrease of critical flaw size from 23 (for
alumina) to 6 lm (for Al

2
O

3
—SiC ‘‘nanocomposites’’)
the only difference being the density of flaws. The
Hertzian analysis shows that the critical flaw size of
the 15 vol% SiC composite is the largest (6.52 lm),
while for all practical purposes the 4.5 lm flaw of the
5 vol% SiC composite should be regarded as equiva-
lent to the 5.16 lm flaw of alumina. If flaw size is the
controlling factor, the strength of the 15 vol% SiC
composite should have been lower than that of
alumina, but it is not (see Table I). The strengthening
may also be independent of the toughening achieved
by the change in fracture mode from integranular
(alumina) to transgranular (composites). This is be-
cause, as Table I shows, although the 15 vol% SiC
composite is tougher than the 5 vol% SiC composite
(a phenomenon also demonstrated using crack paths
studied under the TEM [4]), the strength of the latter
is higher. The same fracture toughness value has also
been demonstrated [17] to give different flexural
strengths in alumina samples (same composition)
densified to the same degree, but only varying in grain
size.

Therefore flaw size may not be a good indicator
with which to compare the strengths of materials
showing different fracture modes. Even when the frac-
ture mode is the same (as in the composites of the
present work, or alumina of [15]), flaw size differences
could partly explain the variation in strength, but
a full account can only be obtained if other fracto-
graphic features are simultaneously considered. For
instance, if the fracture strengths of the 5 and 15 vol %
SiC composites are calculated using the critical flaw
sizes from the Hertzian analysis and Equation 3, it will
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be seen that the flaw size factor accounts for about
14% of the actual experimental difference of 18%.

This extra strengthening may be attributable to
the longer separation distances of the fracture steps of
the 5 vol % SiC composite, relative to those of the
15 vol% SiC composite (Fig. 7b and c, respectively).
This is because longer separation distances imply [18]
taller step heights, and the latter have been shown
[19] to lead to higher fracture strengths. The cause
and presence of these steps are therefore responsible
for the higher strength of all the composites relative to
alumina, while the smaller separation distances of the
steps in the 15 vol % composite are partly responsible
for the reduction in strength of the latter, in compari-
son with that of the 5 vol% composite.

4. Conclusions
The modal sizes of the flaws found on the fracture
surfaces of four-point bent samples match very well
with those determined by the Hertzian indentation
analysis. The experimental fracture strengths of the
materials are reasonably well predicted using the criti-
cal flaw sizes found by the latter method and Oro-
wan’s model.

The effect of deformation zones around indents
(flaws), from which cracks originate, and fractographic
surface details support the concept of blunt crack-tips,
thus rationalizating the preference of Orowan’s model
to that of Griffith.

Further confirmation of the applicability of the
Hertzian indentation analysis for determining the
sizes and densities of intrinsic flaws in brittle materials
is necessary. This requires materials processed to
*99% TD, and that the surface preparation medium
does not introduce flaws of sizes larger than the intrin-
sic ones.

Both micrographic and analytical methods reveal
that the flaw sizes of alumina and the 5 vol% SiC
composite are practically the same. Therefore the
change in mode of fracture from intergranular
(alumina) to transgranular (composites), and not flaw
size, is more appropriate for explaining the strength-
ening observed in the latter. The flexural strength of
984
the 15 vol% SiC composite is lower than that of
5 vol% SiC, because of the shorter separation distan-
ces (implicitly shorter heights) of the fracture steps of
the former.
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